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Abstract. This paper presents a method to interactively deform volume images with heterogeneous structural content, using coarse tetrahedral meshes. It rests on two major components: a massively parallel
algorithm for the rasterization of tetrahedral meshes, and a method to
define a coarse deformable tetrahedral mesh from the homogenization
of a fine heterogeneous mesh. We show the potential of the method for
training and planning applications through two examples: an abdominal
CT exploration and the alignment of breast CT and MRIs.

1

Introduction and Related Work

Training and planning of surgical interventions on soft anatomical parts requires
tools to deform 3D models of such anatomical parts. Deformable models have
also become an integral part of advanced registration [10] or segmentation algorithms [12]. The traditional pipeline to produce deformable anatomical models
is to acquire volumetric images of the anatomy, segment the desired anatomical parts, mesh them, and apply some deformation method such as FEM.
This pipeline suffers several problems, most notably: lack of robustness of automatic segmentation, high computational cost of FEM to capture heterogeneous
anatomy, and loss of the anatomical detail present in the original volume image.
In this paper, we present a method for the interactive deformation of heterogeneous anatomy built directly on the input volume images. Our method stands
on two main components.
Homogenization: Given a fine discretization of a heterogeneous medium,
homogenization is the process of determining parameters of a coarse discretization that best matches the behavior of the fine discretization. Kharevych et al. [6]
proposed an approach that probes the fine and coarse meshes with linear forces,
and then computes coarse elastic parameters such that the coarse mesh preserves the elastic energy of the fine mesh. Nesme et al. [9] proposed an approach
that sets arbitrary kinematic constraints, and computes coarse elastic properties
such that the displacements of coarse nodes match under both coarse and fine
discretizations. Although not exactly a homogenization method, Faure et al. [2]
introduced a discretization technique based on a sparse set of frames, where the
deformation of the frames is transmitted to the object’s volume using nonlinear
shape functions that account for material heterogeneity.
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Fig. 1. From left to right: Coarse mesh with standard FEM solver; coarse mesh with
our method; and fine mesh with standard solver. Top row: In the standard coarse
mesh, deformations on the kidney are transferred to the hip due to insufficient mesh
resolution. Bottom row: In the standard coarse mesh, the aorta appears softer due to
the surrounding air. Our method, instead, enjoys subelement accuracy and retains the
heterogeneity of the fine mesh.

In Section 2, we present a homogenization method that supports corotational
elasticity and simplifies the construction of the coarse FEM problem in contrast
to previous methods. As shown in Fig. 1 and Fig. 2, our method enables fast
deformation using coarse tetrahedral meshes but capturing subelement heterogeneity. In Section 3, we describe the homogenization of two types of external
forces: gravity and user interaction.
Volume Rasterization: One outstanding feature of our method is the possibility to deform volume data interactively. As an alternative, Nesme et al. [8]
deformed planar slices with semi-transparent textures, and rendered them front
to back. More similar to our work, Goksel and Salcudean [4] mapped the deformation of a tetrahedral mesh to the volume using texture mapping, but they
followed a slow scanline approach, which was interactive only for 2D images.
We adapt the recent tetrahedral rasterization algorithm of Gascon et al. [3], a
massively parallel algorithm to interactively rasterize tetrahedral meshes, using
the original volume image as a 3D texture map. We define the deformation of
the volume image in two steps: first from coarse tetrahedra to fine tetrahedra
according to nonlinear shape functions, and then from fine tetrahedra to image
voxels according to barycentric interpolation. Our approach deforms the full
volume data, which allows online modification of volume rendering settings, as
well as runtime volume ray casting for isosurface rendering.

III

Fig. 2. Illustrations of per-voxel error and histograms of error distribution, comparing
a standard coarse FEM simulation (left) with our homogenization approach (right).
Error is measured w.r.t. a fine FEM simulation with double resolution. Please see the
results section for more details.

Results: We show the potential of our method on two preliminary applications: the exploration of an abdominal CT, and the alignment of breast CT and
MRIs. In both examples, we demonstrate interactive deformations of the volume
images while capturing the heterogeneity of the underlying anatomy.
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Deformation Model

This section describes our method for interactive deformation of volume images.
The method uses two tetrahedral meshes, one of fine resolution and the other of
coarse resolution. The deformation of the underlying anatomy is computed by
solving an FEM elasticity problem on the coarse mesh. The fine mesh acts as
an intermediate representation between the coarse mesh and the volume image
at two stages. During preprocessing, it serves to define the FEM problem on
the coarse mesh following a homogenization approach. At runtime, it serves to
transmit the nonlinear deformations of the coarse mesh to the volume image.
2.1

High-Resolution Elasticity

Given a fine tetrahedral mesh that surrounds the volume image, we compute
nodal masses and a fine stiffness matrix from image intensity values. Note that
we never solve the actual fine elasticity problem; this is formulated only as an intermediate step for homogenization. To formulate the stiffness matrix, we adopt
a linear isotropic elasticity formulation with linear basis functions. Thanks to
the use of linear elasticity, the base stiffness matrix of fine tetrahedra can be precomputed, and the use of linear basis functions (i.e., barycentric interpolation)
is convenient for the rasterization algorithm defined later.
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Given a volume image, we first assign mass-density and elasticity properties
(Young modulus and Poisson ratio) at voxel resolution. In our examples, we
inspected the volume using a narrow transfer function, and associated voxel
intensity ranges of major anatomical elements to default parameters.
To define nodal masses, we integrate mass-density over the voxels included in
each tetrahedron, and we distribute one fourth of the tetrahedron mass to each
of its four nodes. To compute the stiffness matrix of each tetrahedron, we simply
adhere to basic principles and integrate the material tensor over the tetrahedron
volume. With constant material parameters per voxel, this integral translates
into a sum over
P all voxels in each tetrahedron, which yields the element stiffness
Ke = v BTe ( i Ei )Be , where v is the voxel volume, Be is a matrix of derivatives
of shape functions, and Ei is each voxel’s material tensor, formed from the voxel’s
Young modulus and Poisson ratio.
2.2

Homogenized Corotational Elasticity

Given a linear elastic problem on the fine mesh, we pose homogenization as the
definition of an equivalent linear elastic problem on the coarse mesh. Homogenization requires the definition of: (i) (homogenized) stiffness matrices for coarse
tetrahedra that best describe the fine heterogeneity, and (ii) nonlinear shape
functions to compute the displacements of fine nodes from coarse nodes.
We describe first the computation of the homogenized stiffness matrix for
each coarse tetrahedron. As shown in Fig. 3, for each coarse tetrahedron we
define its corresponding fine submesh using all fine tetrahedra that intersect
with the coarse tetrahedron. To ease the homogenization procedure, we set the
following constraint on the coarse and fine meshes: coarse nodes must constitute
a subset of the fine nodes. Then, we define as uc and uf (resp. Fc and Ff ) the
displacements (resp. forces) of the coarse nodes and the rest of the fine nodes in
the submesh. The fine linear elastic problem for each coarse tetrahedron can be
formulated as:

  

Kcc Kcf
uc
Fc
=
.
(1)
Kf c Kf f
uf
Ff
Assuming that forces are applied only on coarse nodes, i.e., Ff = 0, the
displacements of coarse nodes are:

−1
uc = Kcc − Kcf K−1
K
Fc .
(2)
f
c
ff
From this expression, we directly derive the homogenized stiffness matrix that
relates coarse forces to coarse displacements:
K = Kcc − Kcf K−1
f f Kf c .

(3)

Intuitively, with this homogenized stiffness matrix, the displacements of coarse
nodes are matched when forces are applied only on coarse nodes. And it turns
out that this stiffness matrix is nothing else but the Schur complement of the fine
submatrix, and it also matches the result of condensation [1], although applied
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Fig. 3. 2D example showing the submeshes involved in the homogenization process. For
each coarse triangle (tetrahedron in 3D), shown in thick line, we define a fine submesh
using all fine triangles, shown in thin line, that intersect the coarse triangle. In green
we show the coarse nodes, and in red the rest of the fine nodes in this submesh.

to a different problem. Our result is similar to the one by Nesme et al. [9] with
displacement constraints on coarse nodes, but our formulation is notably simpler and more computationally efficient. Their approach builds the homogenized
stiffness in a hierarchical fashion, allowing them to preserve the topology of the
fine mesh. We miss this feature, but instead avoid the need for multiresolution
meshes, we accommodate partial segmentations, and avoid artifacts under large
rotations thanks to the use of corotational elasticity.
Homogenized stiffness matrices of coarse tetrahedra are computed as a preprocess. At runtime, we solve a quasi-static deformation problem on the coarse
mesh, which requires the assembly of the full coarse stiffness matrix. We use a
linear corotational elasticity approach [7], where the stiffness matrices of individual elements are warped based on per-element rotations and then assembled
together. With our method, deformations are fast and stable because the coarse
matrix remains positive semi-definite (PSD) provided a high-res PSD matrix.
Since we compute no accelerations, we do not need to homogenize the mass
matrix.
2.3

High-Resolution Deformation

We compute the displacements of fine nodes in a per-element corotational setting
using the nonlinear basis functions resulting from homogenization, and then average the contributions of different coarse tetrahedra. Thanks to the corotational
formulation, our approach preserves rigid transformations.
Fig. 4 illustrates the computation of high-res deformations using a corotational formulation. Given the best-fit rotation R of a coarse tetrahedron, and
the deformed and undeformed positions of its centroid, c and c̄ respectively,
the displacement of each coarse node in the undeformed reference frame can be
computed as:
uc,i = RT (xc,i − c) − (x̄c,i − c̄),
(4)
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Fig. 4. 2D schematic illustration of the corotational computation of high-res deformations. On the left, a coarse undeformed triangle (tetrahedron in 3D), and on the
right, the same triangle deformed. The deformed triangle is transformed to the undeformed setting based on a best-fit rotation R and the translation of the centroid c.
The displacements uc,i of coarse nodes are computed in the undeformed setting (in
dotted lines), and weighted using the nonlinear homogenized shape functions to obtain
the displacement uf of each fine node. This displacement is finally transformed to the
deformed setting to produce the deformed position xf of the fine node.

with xc,i and x̄c,i the deformed and undeformed positions of the node.
From the definition of the fine elasticity problem (1), the displacements of
fine nodes in the submesh of a coarse tetrahedron can be computed from the
displacements of coarse nodes as
uf = −K−1
f f Kf c uc .

(5)

From this expression, we can derive the definition of homogenized shape functions that relate fine to coarse displacements:
N = −K−1
f f Kf c .

(6)

Note that these shape functions are nonlinear in space.
Once the displacement of each fine node is obtained in the undeformed reference frame, it is simply transformed to the deformed setting, using again the
corotational formulation:
xf,i = R (uf,i + (x̄f,i − c̄)) + c.

(7)

For a fine node that belongs to submeshes of multiple coarse tetrahedra, we
weight the corresponding deformed positions using inverse-distance weighting
based on distances to the centroids of those tetrahedra.
2.4

Volume Rasterization

To deform the volume image, and given the positions of the fine nodes, we apply
the GPU-based volume rasterization algorithm by Gascon et al [3]. This algorithm rasterizes the original image into the target grid assuming a barycentric
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mapping inside each fine tetrahedron. To maximize efficiency, each tetrahedron
is decomposed into cells, which are first culled on the CPU, and the cells that
pass the culling test are rasterized in a massively parallel manner on the GPU.

3

External Forces

Interaction with the homogenized model can be obtained through the action
of external forces. To preserve the behavior of the heterogeneous volume, these
external forces should be defined on the fine mesh and then transmitted to the
coarse mesh. Here we describe the homogenization of two types of external forces:
gravity forces and pulling forces at arbitrary points.
3.1

Gravity Forces

Our method for computing gravity forces on the coarse mesh preserves the gravitational energy of the fine mesh, which is different from the homogenization of
mass. With mi the mass of each fine node, uc,i the displacement, and x̄c,i the
rest position, the gravitational energy is
X
V =−
mi gT (uc,i + x̄c,i ).
(8)
i

The gravity force on a coarse node is defined as the negative gradient of the
gravitational energy:
Fj = −

X
∂uf,i T
∂V T X
=
mi
g=
mi NTi,j g = Mj g.
∂uc,j
∂u
c,j
i
i

(9)

From the expression above, we observe that we can precompute a gravity-massmatrix per coarse node as the mass-weighted sum of shape function weights:
X
Mj =
mi NTi,j .
(10)
i

3.2

Isosurface Pulling

Since our deformation method deforms the full volume image interactively, it
is possible to select arbitrary points of the deformed volume at any time. One
interesting possibility is to pick a point on the isosurface of the visible volume
through ray casting, and apply a pulling force at that point.
The displacement up of an arbitrary point p on the volume is defined based on
barycentric interpolation of fine nodes, which are in turn interpolated from coarse
nodes using the nonlinear shape functions. The displacement can be expressed
as up = β N uc , with β a matrix of barycentric weights. Then, given a force Fp
at point p, this force is distributed to the coarse nodes using the same weights
as for displacement interpolation, i.e.,
Fc = NT β T Fp .

(11)

If multiple forces are applied at different points, they are added together.
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Experiments and Results

All our examples were executed on a 3.1 GHz Quad-core Intel Core i7-3770S
CPU with 16GB of memory, and a NVIDIA GTX670 graphics card. We used
VTK [11] for interactive volume rendering and isosurface ray casting. We have
tested our method in action on the following two examples.
4.1

Exploration of the Abdominal Cavity

Isosurface Pulling: The isosurface pulling functionality described in Section 3.2
enables planning interventions where anatomical parts must be moved aside to
provide access to the region of interest. Examples include tumor resection in
the retroperitoneum behind the kidney or in the adrenal gland hidden by the
pancreas. We have evaluated several deformation examples produced by pulling
directly from the volume data, in a highly intuitive manner.
Method Comparison and Performance: We have compared our deformation method with standard corotational FEM on the fine mesh and standard
corotational FEM on the coarse mesh. With our method, a volume with 5M
voxels (256 × 160 × 122), a fine mesh with 13, 720 tets, and a coarse mesh with
1, 715 tets, the abdomen is deformed at a rate of 86 ms/frame. FEM deformation
takes 26% of the time, culling 32%, and rasterization 42%. Our method introduces a small performance penalty over the standard coarse deformation, which
takes 44 ms/frame. The gain over the standard fine deformation is large, as this
one takes 373 ms/frame. Fig. 1 shows artifacts suffered by the standard FEM
model on the coarse mesh. For a maximum pulling deformation of 3.07 cm, the
maximum error with the standard coarse simulation compared to a standard fine
simulation is of 1.24 cm (40%). With our method instead, the maximum error
is of 5.7 mm (18.5%). Fig. 2 compares visualizations of the error on the visible
areas, as well as error histograms for a particular simulation frame.
4.2

Breast CT and MRI Alignment

Image-aided planning of breast cancer interventions is faced with the challenge
of acquiring high-quality images in surgical supine position. One potential approach is to acquire an MRI in prone position, which is the preferred system
for tumor identification and robust under respiration; acquire a CT in supine
position, which is fast; and perform deformable registration of prone and supine
acquisitions. As shown in Fig. 5, we have tested the use of our method to deform a prone MRI into the configuration of a supine CT. For this example, we
assumed that the anatomy was in its rest configuration in the supine position,
and we simply reversed the direction of gravity while rotating the model. Our
method could be applied in an iterative algorithm combining registration and
material estimation [5], with the power to execute extremely fast deformation of
the whole 3D image data.
Adaptive Meshing: If a partial segmentation is available, it is possible
to improve the quality of homogenization by designing an adaptive fine mesh,
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Fig. 5. From left to right: Breast CT acquired in supine position; breast CT deformed to
prone position under gravity using our method; breast MRI acquired in prone position.

with no increase on the deformation cost of the coarse mesh. Fig. 6 shows an
adaptive fine mesh for the breast model, combining regularly sampled nodes with
nodes sampled on the surface of segmented bones. Fixing bone nodes becomes
trivial with our homogenization approach. They are simply removed as degrees
of freedom from the fine elasticity problem (1), and their shape functions are
trivially set to zero.
Performance: With our method, a volume with 13.2M voxels (524 × 176 ×
144), a fine mesh with 44, 721 tets, and a coarse mesh with 2, 160 tets, the breast
model is deformed at a rate of 271 ms/frame.

5

Discussion and Future Work

We have introduced a method to interactively deform volume images. Interactivity is possible thanks to the use of coarse tetrahedral meshes for FEM deformation, and highly efficient rasterization of tetrahedra. Despite using coarse
meshes, our homogenization approach captures subelement material heterogeneity, achieving accuracy close to that of fine meshes.
Our current homogenization method could be further improved in several
ways. One is the extension to nonlinear elasticity, which would produce deformations with higher accuracy. Another one is handling topology changes.

Fig. 6. Adaptive fine meshing. Left: Regularly sampled nodes together with nodes on
the boundary of segmented bones. Right: Cut of the resulting tetrahedral mesh.

X

We have demonstrated the potential for several clinical applications, but
it would be interesting to explore this potential further, e.g., for planning of
intraoperative radiotherapy in breast cancer surgery, exploiting the alignment
of CT and MRIs. Other generic applications worth testing include deformable
registration and segmentation.
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